
1. Karlsson eats a jam jar in 14 minutes, and together with his friend Lillebror they eat 
the same jam jar in 10 minutes. How many minutes does it take Lillebror alone to eat 
this jam jar?
Answer: 35 min.
Solution. Let V be the volume of a jar. Suppose Lillebror can eat jam in x minutes. 
Then

( V
14

+
V
x )⋅10=V ⇒ x=35. 

2. For what natural n the functionf ( x )={xn sin
1
x2 , x ≠ 0,

0, x=0
 

a) has a derivative at zero;
b) has a continuous derivative at zero?
Answer: a) forn≥ 2; b) for n≥ 4.
Solution. 
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b) One should find all values n such that lim
x →0

f ( x )=f ' (0 ). 

f ' (0 )=0 for n≥ 2. 
Thus 
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′
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x2 )=0 for n≥ 4.

3. A bookmaker accepts bets on the outcome of a soccer match. Bets on the victory of 
the first team are taken at odds of 4:1 (this means that if the first team wins, then the 
bettor is paid four times more money than the bet; otherwise he loses his money), bets 
on the victory of the second team are taken at odds of 3:1 , on a draw, k: 1.
What is the smallest value of k such that it is possible to place bets so that, whatever the
outcome of the match, the bettor will make a profit? 
Answer: 3
Solution. Let x, y and z be the bets on the victory of the first team, the victory of the 
second team and on the draw, respectively, and S be the sum of all the bets. If the first 
team wins, the bettor get 4x, the second - 3y, the third - kz. The necessary and sufficient
conditions for winning in any outcome of the match are the following relationships:



{
4 x>S ,
3 y>S ,
kz>S

⇔ {
x>

S
4

,

y>
S
3

,

z> S
k

.

Note that x+ y+ z=S, hence 
S
4
+

S
3
+

S
k
<S. Thus, k >

12
5

. Therefore the minimal integer value 

is k=3.

4. Prove that an equation xn
=x+n for each natural n   (n>1 ) has one root xn

o in the segment
[ 1 ;2 ]. Find the limit of this sequence when n→ ∞.
Answer: 1
Solution. Let  f n ( x )=xn − x − n=x ( x −1 ) (xn −2

+xn−3
+…+x+1)−n,  where  n=2,3,… .  For  x>1

terms  x ; x −1 ; xn−2
+xn −3

+…+x+1 are  monotonously  increasing,  hence  f n ( x ) is
monotonously  increasing  for  x>1.  Since
f n (1 )=−n<0 , f n (2 )=2 (2−1 ) (2n−2

+2n− 3
+…+2+1 )− n≥ 0 for given n, then on [ 1 ;2 ] this equation

has a unique root xn
o. 

For n>2 the following inequality holds:

n≥ 3>(1+
1

n−1 )
n −1

⇒ n− 1
√n (n−1 )− n>0.

We have: f n ( xn
o)=0 ; f n (n −1

√n)=
n− 1

√n (n−1 )−n>0 ; f n ( n
√n+1)=1− n

√n+1<0.
Thus, n

√n+1<xn
o<

n −1
√n.

However lim
n→ ∞

n
√n+1= lim

n→∞

n −1
√n=1. Therefore lim

n→ ∞
xn

o
=1.

5. Let ϕij be the dihedral angle between the i-th and j-th faces of the triangular pyramid. 
Find the determinant of the matrix A 4× 4=(aij ), where 

a ij={cos ϕij ,   if i ≠ j ,
−1 ,  if i= j .

Answer: 0
Solution. Let Si be an area of the i-th face. Thus

{
S1=S2 cosϕ12+S3 cos ϕ13+S4 cosϕ14 ,
S2=S1cos ϕ12+S3 cos ϕ23+S4 cosϕ24 ,
S3=S1 cosϕ13+S2 cos ϕ23+S4 cosϕ34 ,
S4=S1cosϕ14+S2 cosϕ24+S3cos ϕ34 ,

⇒

⇒{
− S1+S2 cos ϕ12+S3 cos ϕ13+S4 cosϕ14=0,
S1 cos ϕ12 −S2+S3 cos ϕ23+S4 cosϕ24=0,
S1 cos ϕ13+S2cos ϕ23− S3+S4 cosϕ34=0,
S1cos ϕ14+S2 cos ϕ24+S3 cosϕ34− S4=0.

A homogeneous system of linear equations has a non-trivial solution. Thus the 
determinant of the system matrix (i.e. matrix A) equals to zero.



7. Given a sequence an=2n −1. Prove that
1) The number a1⋅a2 ⋅… ⋅a2019 is a divisor of the numberan+1⋅an+2 ⋅… ⋅an+2019 for any natural
n∈N ;

2) A ratio 
a1⋅a2⋅… ⋅a2019

2019 !
 is dyadic raional number (i.e. a rational number A, with the 

denominator being a power of 2: A=
a

2b
,   a ,b∈N).

Solution. Let F2
n be n-dimensional linear space over a field   F 2 where  n is arbitrary 

natural number(F q is a finite field that consists of q= pr elements, p is prime number, r is
natural number). Assume that k ≤n. Note that  F 2

n
consists of 2n  elements. 

Let us compute the number of options to choose from them k linearly independent 
vectors (with respect to their order). The first vector cannot be zero, and therefore it can 
be selected 2n− 1 options. The second vector cannot belong to the space spanned by the 
first vector. Hence there are 2n− 21 options to choose it. The third vector does not belong 
to the two-dimensional space spanned by the first two vectors, therefore, it can be 
chosen byoptions 2n− 22options . And so on. Therefore there are options
f (n, k )= (2n − 1) (2n −21) (2n −22 ) ⋅… ⋅ (2n − 2k − 1)=an an −1 … ⋅an−k+1 2k options to choose k linearly 
independent vectors.
If n=k then it equals to the number of ordered bases. Hence, the number of k-
dimensional subspaces of F2

n (it is integer) equals to the ratio of an⋅an−1 ⋅… ⋅an −k +1 to
ak ⋅ak −1 ⋅… ⋅a1. The first question follows from it
Consider the number of unordered bases of 2019-dimensional space. It equals to some 
integer number A. The number of ordered bases of  n-dimensional space equals to
f (n, n )=an ⋅ an− 1⋅…⋅ a1⋅2

n (n− 1 )/2. In order to find A one should divide f (2019 ,2019 )  by the 
number of permutations of 2019 elements:
A=a2019 ⋅a2018⋅…⋅ a1⋅2

2019⋅2018 /2.

Therefore, 
a2019 ⋅a2018⋅… ⋅a1

2019 !
=

A

22019 ⋅2018 /2  is indeed dyadic rational number.

8. Definition. By a trihedral angle we mean a convex hull of three rays (called edges of
trihedral angle) emanating from one point (called vertex of trihedral angle). The vertex 
of the trihedral angle is in the center of a regular tetrahedron, and the edges pass through
the vertices of the tetrahedron. At the vertex of the trihedral angle there is a light source 
that completely illuminates this trihedral angle (and nothing outside it). Is it possible to 
rotate the trihedral angle in such a way that at least two vertices of the tetrahedron are 
completely illuminated (are in the inside of the illuminated area)?
Solution.  It can be seen from the figure that if the trihedral angle is rotated in the plane 
of the face at a small angle (for example, 30o), then none of the vertices will be illumi-
nated.



   
Four such triangular angles with a common vertex divide the space into 4 equal parts. If 
there are no vertices in one triangular angle, then at least one of the remaining three an-
gles will have two vertices (if the vertices fall on the boundaries, then by slightly chang-
ing the rotation angle, we will shift the vertices from the boundary).

9. Every evening, some of the n ladies arrange a party, and the rest go to the parties to 
those ladies who arrange a party this evening (that is, the rest of the ladies can attend all 
the parties that are held that evening). What is the minimum number of evenings such 
that each lady would attend all other ladies?

Solution. Consider the set of evenings, corresponding to parties that are organized by 
ladies. It is easy to see that these sets are pairwise incomparable with respect to inclu-
sion.
Indeed. If the set of  parties organized by Lady A is a subset of the set of parties orga-
nized by Lady B, then Lady B could not visit Lady A.
So, the task comes down to the following:
there are n subsets of the set M that are pairwise incomparable with respect to inclu-
sion
 what is the minimal possiblem=|M| – the number of elements of the set M ?
Solution of this task follows from Theorem 1. Indeed, m is the minimal integer such 
that, Cm

[m /2 ] ≥ n

Theorem 1. Maximal possible number of subsets of the m-element set, pairwise um-
compareble with respect to inclusion is Cm

[m /2 ].
Proof of the Theorem. Example. It is enough to consider all sets with[ m/2 ]elements.
Estimation. It is sufficient to divide all subsets of the set M on Cm

[m /2 ] chains of subsets, 
such that in each chain any two elements are compaired with respect to inclusion.
For that we will need the following Lemma.

Lemma. a) Let k <m/2. Then it is possible to increase each k-element subset by one ele-
ment in such a way that pairwise distinct (k + 1) -element subsets are obtained.

b) Let k >m/2. Then it is possible to subtract 1 element from each k-element subset in 
such a way that pairwise distinct (k - 1) -element subsets are obtained.



Proof.  Note that a) and b) are symmetric, since one can consider a complement to the 
set instead of the set. It is enough to prove a) only.

Each k-element subset corresponds to n− k possible (k+1)-element subsets, obtained by 
increasing it by one element. Note that each (k+1)-element subset corresponds to (k+1)  
k-element subsets obtained by subtracting an element from it.
Let us call k-element subsets by “boys”, а (k+1)-element subsets – by “girls”'. For k ≤n /2

an inequality n− k ≥ k+1holds, thus it is easy to verify the validity of the condition of the 
following Hall's marriage theorem (from which our lemma follows):

Hall's marriage theorem. Suppose that love is mutual and that for any set of boys, the 
number of girls they love is no less than the number of elements in the set. Then all the 
boys can marry.

10. Given three lines on the plane. We consider all such equilateral triangles whose ver-
tices lie on all three straight lines. Find the set of their centers.

Solution.
In order to understand this problem, let us consider the following construction

task: “Given two  lines b, c and point A on the plane.  Find all equilateral triangles that
have a vertex at point A, and the two other vertices are on a line b and line c”.

 Let АВС be such a triangle (Fig. 1), then, if one rotates line b around point A on
60o, then point B goes to point C, hence point C can be obtained as the intersection of a
line cwith a line b1, obtained as a rotation of b on the angle of 60o around А. After this,
point B is located by turning point C at an angle 60oin the opposite direction.

If one turns a line b around point A at an angle − 60o, then we obtain another point
С 1 and a new triangle AB1 С1. It should be noted that in the case when the angle between
lines b and c equals to 60o one of the lines after turning turns out to be parallel to the
straight line c and the desired triangle turns out to be the only one, excepts for the case,
if the point А belongs to the bisector of an angle 120o between lines b and c. In this case
parallel lines coincide and one can take any point of the line c as a point С i.e. there are
infinitely many triangles suitable for us.

Fig.1

Now we will begin to move point A along some  line a and will watch how the
center of the corresponding equilateral triangle moves. But first we prove the following
lemma.

Lemma .  Given lines b, c and point A. Let,  ABC be an equilateral triangle,
such that the vertex B  lies on the line b, and the vertex C - on the line c. Point O is the



center of the triangle ABC. If one moves the line b parallely on the vector u to the  line
b1, then the center O1 of the equilateral triangle AB1С1 with the vertex B1 on the line b1,
and the vertex C 1 – on the line с, can be obtained by parallel transfer of the point O to
the vector q directed at an angle 30° to the line с and its length is proportional to the
length of u.

P r o o f .  Let us turn lines b and b1 on60o around the point А (Fig. 2). They inter-
sect the line с in points С and C 1respectively.

Fig.2

Consider the centers of equilateral triangles – points О and O1 note that an angle
between vectors АО and АС is 30o and the length of АО is√3 times less than АС ; ana-
logically angle betweenAO1 and  AC1 is  30o length of  AO1is  √3times less than the
length ofAC1. Thus the angle betweenOO1 and is 30oOO1 and length of OO1 √3 times less
than the length of  OO1. However the length of  w=CC1 is proportional to the length of
vector v, on which the turned  lines are shifted, and it equals to the length of the vector
u, as soon as the length of q=OO1 is proportional to the length of w, it is proportional to
the length of u. The angle between vector q and w equals 30o therefore q has the same
angle with the line с. It remains to note that in this case the center of the second equilat-
eral triangle will move to a vector q1 the length of it is proportional to the length of u
(with a different coefficient of proportionality), it has an angle 30o to the line с and 120o

to the vector q.

Now consider the motion of the center of an equilateral triangle as the point A
moves along line a. Let A1 be a point on the line а. Draw a line through the points A and
M - the point of intersection of the lines b and c (Fig. 3) and the line parallel to it
through the point A1. Take a point M 1 of intersection of the last line with the line с. Take
a line b1 passing through the point M 1 and parallel to the line b. Let Р be a point  of in-
tersection between lines  а and с,  N  andN1 – points of intersection of the line а with
lines b and b1respectively. One can see that the vector u that translates the line b to b1 is
proportional  to AA1.  Moreover,  it  follows from the similarity  of  triangles  NPM and
N 1 PM1 that the translation of the center of an equilateral triangle ABC to the center of an
equilateral triangle A1 B1C1 is proportional to AA1 and directed parallel to the line РО.



Fig.3
Let us use the Lemma. If one moves the line b1 parallely to the line b, then the

point O1  moves toO1′, and vector O1O1′ has angle 30o with the line с and its length is pro-
portional to the lengrh of u, and thus to the length of AA1. However the point O1′ is the
point where О moves, if we take  A1instead of  А. Thus, total translation of point O to
point O1′ can be written as OO1+O1O1′. The vector OO1is directed parallel to РО, and its
length is proportional to the lengrh of the vector AA1, hence, OO1=PO ⋅k1⋅|AA1|, and ana-
logically  O1 O1′ is parallel to some vector  q, having angle 30o with the line  с, and its
length is proportional to the length of the vector AA1, i.e. O1 O

1′=q ⋅k2⋅|AA1|. Hence we
obtain: OO

1′=|AA1|(q ⋅k2+PO ⋅k1 ). Note that vectorsPO and q are constants, thus a motion
of the point О is a line parallel to the vector q ⋅k2+PO ⋅k1, hence a set we are looking for
is a line. If we do analogical reasoning (Fig. 1), we obtain one more line.

Note these lines do not intersect. Indeed, if a point  X of their intersection exist,
then, with the motion of one of the lines described in the lemma, it, on the one hand,
had to move by the vector q, and on the other, by vectorq1, which is impossible because
these vectors are not co-directed.

Thus, if the angle between the lines does not equal to60o, the desired set of points
is a pair of parallel lines, but if all three lines intersect at one point or are parallel, then
these two lines will merge into one.

Consider the case when at least one of the angles between the lines is 60o. In this
case, as noted above, for point A on the line a it is possible to construct only one desired
triangle with vertex at point A. Therefore, it seems, the desired set will consist of one
line. (Note that in this case it is the bisector of the angle 60o between lines   b and с).
However, on the line a there is a special point A* - an intersection point with the bisec-
tor of the angle 120o between lines b and с. For the point А* in addition to an equilateral
triangle from the indicated family (note that its center lies at the point P of the intersec-
tion of lines b and c), there are still infinitely many equilateral triangles A* BC . Indeed
it is not difficult to check that any angle 60o with the vertex А* intersects lines b and с in
points В and С respectively, and triangle А*BC is equilateral. The set of centers of such
triangles is the median perpendicular to the segment RA* and, therefore, will be a line
parallel to the one already found.

It remains to consider the case when all angles between given straight lines are
equal to 60o. In this case, all equilateral triangles with vertices on these lines have the
same center — the center of the triangle formed by the given lines. If, moreover, all
three lines intersect at one point, then any point A on the line a has the property of the



point A*, and therefore the desired set is the set of all points of the plane.


